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So if we denote by ¢ the difference between the difference quotient and the derivative,
we obtain

lim € = lim (& f'(a)> =fa) —fla) =0

Ax—0 Ax—0 Ax

A
But 8=A—y—f’(a) > Ay = f(a) Ax + & Ax
X
Thus, for a differentiable function f, we can write
[7] Ay = f'(a) Ax + € Ax where e — 0 as Ax — 0
This property of differentiable functions is what enables us to prove the Chain Rule.

Proof of the Chain Rule Suppose u = g(x) is differentiable at a and y = f(u) is differen-
tiable at b = g(a). If Ax is an increment in x and Au and Ay are the corresponding incre-
ments in # and y, then we can use Equation 7 to write

Au=g'(a) Ax + &1 Ax = [g'(a) + &1] Ax
where &, — 0 as Ax — 0. Similarly
[9] Ay =f'b) Au + e Au=[f(b) + &, ] Au

where g, — 0 as Au — 0. If we now substitute the expression for Au from Equation 8
into Equation 9, we get

Ay =[f'(®) + e2llg'(@) + &1] Ax
s Z—116) + ealig@ + o]

As Ax — 0, Equation 8 shows that Au — 0. So both &, — 0 and &, — 0 as Ax — 0.
Therefore

dy = i ﬁ_ : 1] B
- = lim —== = lim [f'(b) + £:][g'(@) + 1]

=f'(b)g'(a) = f'(g(a))g'(a)
This proves the Chain Rule. o

Exercises

1-6 O Write the composite function in the form f(g(x)). [Identify
the inner function # = g(x) and the outer function y = f(u).] Then
find the derivative dy/dx.

4## Resources/Module 4/ Trigonometric Models / Chain Rule Practice
y=(x2+4x+6)5 2. y=tan3x
y = cos(tan x) 4 y=J1+x3

y = eV 6. y = sin(e”)

7-42 C Find the derivative of the function.

@ Flx) = (x? + 4%) 8. F(x) = (x — x + 1)°

(-2t —5¢

/@ g3 = V7T —x 0. 1) = !

12. f(r) = Y1 + tant

AN 1 3/2
o= (-3
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y = cos(a® + x?) 14. y =a®+ cos’x

y=e™ 16. y = 4 sec 5x
G(x) = Bx — 2)W(5x2 — x + 12

18. g(2) = (6t + 5)%(¢> — 7)*
y=(2x - 5*8x>-35"7

x2

y=xe"
_(2=6Y
@F(y)_<y+7>
1
BT =

@ y = tan(cos x)

A& -5
@ y = sin’x + cos’x

3. y=41+2tanx

32. y = sin*(cos kx)

1
(@/y = (1 + cos’x)® 34 y=xsin—
x
o e3x
B) y = 3. y= e
Y 1+ e” ye—e

= e
@ v= iV

}%/y = sin(tan /sin x)

43-46 O Find an equation of the tangent line to the curve at the
given point.

y=ﬁ, 4,2)

4. y = sinx + cos 2x,

38. y = sin(sin(sin x))

0. y=+x+ yx+Jx

a2 y=2"

(7/6,1)
@ y = sin(sinx), (m, 0)
8. y =107 (1,10)

@ (a) Find an equation of the tangent line to the curve
y =2/(1 + ™) at the point (0, 1).

ﬁi (b) IMustrate part (a) by graphing the curve and the tangent
line on the same screen.
48. (a) The curve y = |x|/y/2 — x? is called a bullet-nose curve.
Find an equation of the tangent line to this curve at the
point (1, 1).
iE (b) Tllustrate part (a) by graphing the curve and the tangent

line on the same screen.

49. (a) If f(x) = /1 — x¥/x, find f'(x).
an (b) Check to see that your answer to part (a) is reasonable by
comparing the graphs of f and f'.
50. (a) If f(x) = 1/(cos’mx + 9 sin’mx), find f'(x).
an (b) Check to see that your answer to part (a) is reasonable by
comparing the graphs of f and f’.

) @ Find all points on the graph of the function
f(x) = 2sin x + sin’c at which the tangent line is horizontal.

52. Find the x-coordinates of all points on the curve
y = sin 2x — 2 sin x at which the tangent line is horizontal.

Suppose that F(x) = f(g(x)) and g(3) = 6, ¢'(3) = 4,
f'(3) =2, and f'(6) = 7. Find F'(3).

54. Suppose that w = u o v and u(0) = 1, v(0) = 2, u'(0) = 3,
u'(2) = 4,9'(0) = 5, and v'(2) = 6. Find w'(0).

55. A table of values for f, g, f', and ¢’ is given.

x fx) g{x) £ g'(x)

1 3 2 4 6
2 1 8 5 7
3 7 2 7 9

(a) If h(x) = f(g(x)), find A'(1).
(b) If H(x) = g(f(x)), find H'(1).

56. Let fand g be the functions in Exercise 55.
(@) If F(x) = f(f(x), find F'(2).
(b) If G(x) = g(g(x)), find G'(3).
@ If f and g are the functions whose graphs are shown, let

u(x) = f(g(x)), v(x) = g(f(x)), and w(x) = g(g(x)). Find each
derivative, if it exists. If it does not exist, explain why.

(c) w'(1)

(b) »'(1)

y

(a) u'(1)

58. If fis the function whose graph is shown, let h(x) = f(f(x))
and g(x) = f(x?). Use the graph of f to estimate the value of
each derivative.

(a) H'(2) ®) ')
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59. Use the table to estimate the value of 4'(0.5), where
h(x) = f(g(x)).
x 0 01 | 02| 03| 04 05 | 06

f(x) 12.6 14.8 18.4 23.0 259 275 29.1

g(x) 0.58 0.40 0.37 0.26 0.17 0.10 0.05

60.

(s

62.

63.

64.

66.

%3 67.

If g(x) = f(f(x)), use the table to estimate the value of g'(1).

X 0.0 0.5 1.0 1.5 2.0 2.5

f(x) 1.7 1.8 2.0 2.4 3.1 44

Suppose f is differentiable on R. Let F(x) = f(e*) and
G{(x) = ¢’%. Find expressions for (a) F'(x) and (b) G'(x).

Suppose f is differentiable on R and « is a real number. Let
F(x) = f(x*) and G(x) = [ f(x)]*. Find expressions for
(a) F'(x) and (b) G'(x).

The displacement of a particle on a vibrating string is given by
the equation

s(8) = 10 + 5 sin(107r7)

where s is measured in centimeters and ¢ in seconds. Find the
velocity of the particle after ¢ seconds.

If the equation of motion of a particle is given by

s = A cos{wt + §), the particle is said to undergo simple
harmonic motion.

(a) Find the velocity of the particle at time ¢.

(b) When is the velocity 07

A Cepheid variable star is a star whose brightness alternately
increases and decreases. The most easily visible such star is
Delta Cephei, for which the interval between times of maxi-
mum brightness is 5.4 days. The average brightness of this star
is 4.0 and its brightness changes by +0.35. In view of these
data, the brightness of Delta Cephei at time ¢, where ¢ is mea-
sured in days, has been modeled by the function

B(t) = 4.0 + 0.35sin(27t/5.4)

(a) Find the rate of change of the brightness after ¢ days.
(b) Find, correct to two decimal places, the rate of increase
after one day.

In Example 4 in Section 1.3 we arrived at a model for the
length of daylight (in hours) in Philadelphia on the tth day of
the year:

2
L(H) = 12 + 2.8 sin| — (¢ —
() 8 sm[ 365 (z 80)]

Use this model to compare how the aumber of hours of day-
light is increasing in Philadelphia on March 21 and May 21.

The motion of a spring that is subject to a frictional force or a
damping force (such as a shock absorber in a car) is often

68.
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modeled by the product of an exponential function and a sine
or cosine function. Suppose the equation of motion of a point
on such a spring is

s(t) = 2e ¥ sin 27t

where s is measured in centimeters and ¢ in seconds. Find the
velocity after ¢ seconds and graph both the position and veloc-
ity functions for 0 < ¢ < 2.

Under certain circumstances a rumor spreads according to the
equation

P 1+ ae™

where p(#) is the proportion of the population that knows the

rumor at time ¢ and a and & are positive constants. [In Sec-

tion 9.5 we will see that this is a reasonable equation for p(f).]

(a) Find lim,—. p(?).

(b) Find the rate of spread of the rumor.

(c) Graph p for the case a = 10, k = 0.5 with ¢t measured in
hours. Use the graph to estimate how long it will take for
80% of the population to hear the rumor.

. The flash unit on a camera operates by storing charge on a

capacitor and releasing it suddenly when the flash is set off.
The following data describe the charge remaining on the
capacitor (measured in microcoulombs, uC) at time ¢
(measured in seconds).

! Q
0.00 100.00
0.02 81.87
0.04 67.03
0.06 54.88
0.08 44.93
0.10 36.76

(a) Use a graphing calculator or computer to find an exponen-
tial model for the charge. (See Section 1.2.)

(b) The derivative Q'() represents the electric current
(measured in microamperes, wA) flowing from the capaci-
tor to the flash bulb. Use part (a) to estimate the current
when ¢t = 0.04 s. Compare with the result of Example 2 in
Section 2.1.

%S 70. The table gives the U.S. population from 1790 to 1860.

Year Population Year Population
1790 3,929,000 1830 12,861,000
1800 5,308,000 1840 17,063,000
1810 7,240,000 1850 23,192,000
1820 9,639,000 1860 31,443,000

(a) Use a graphing calculator or computer to fit an exponential
function to the data. Graph the data points and the
exponential model. How good is the fit?



